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where C; are arbitrary constants. Substituting into the integral equation (2.17) for rn =20
the value of 7,(¢) defined by (3.7), taking into account that f,’ () = 0 and that the integral

on the left is some constant for any ¢ & [— 6,0], in particular for ¢ =0, we have the con-
dition for obtaining the constant Co,- From this we have
[
c K/n) k () d¥ -1
Co=n? S ol } (3.8)
’ { Vent (Kojm) — st (K9/m)

-6

where k(¢) is defined by Eq.(2.18).

The constants C, (k = 1,2, ...) can be obtained using the first condition (2.16).

Note that when the functions ¢, (}) and g, (¥) are odd, the integral eguations (2.17) can
also be reduced to the singular equation (3.5) using the second of formulas (3.3).

The method of homogeneous solutions, described in Sect.2, can also be used to investigate
the contact problem of the pressing of a stamp into a cylindrical surface of a ring sector,
when the surfaces |@ | =y are free of tangential stresses and normal displacements.
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VIBRATION OF A CYLINDER ON AN ELASTIC LAYER
PARTLY FIXED TO A RIGID BASE™

S.P. PEL'TS

The problem of non-resonant harmonic oscillations of an elastic cylinder
on an elastic layer is considered. The contact between the cylinder and
the layer is over a circular region @, of radius R; without friction. The
layer rests on a rigid base. At the layer-base interface there are two
types of contact: in the circular region {, of radius R, there is rigid
adherence, while outside it there is no friction. The length of the
projection of the distance between the centres of regions @, and Q, on
the horizontal plane is d. Problems of this kind are encountered in flaw
detection in foundations and adhesive joints,
Problems of the vibration of a rigid body (stamp) on the surface of an elastic layer
under various contact conditions were considered in /1/. Here the stamp is replaced by an
elastic cylinder, which leads to a qualitatively new mechanical system that takes into account

the effect of the finite elastic body. A many-sided analysis of the cylinder harmonic oscil-
lations is given in /2/.

1. wWe combine the cylinder axis with the { axis and locate the origin of coordinates on
the upper face of the layer. All quantities relating to the cylinder will be denoted by the
subscript 1, and those relating to the layer by the subscript 2;A,, pn, pr(n = 1,2) are the

*Prikl.Matem.Mekhan.,47,5,799-804,1983
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Lame coefficients and the density of the material, H is the cylinder height and h the layer
thickness. On the upper end surface of the cylinder there are no tangential stresses and the
digplacements vary as w® (p, H, t) == w’v!, The lateral surface of the cylinder is free of
stresses. We will change to dimensionless quantities

r=hlp, 2=k, hyo=AH, w* =KW, b=k, a,=h"Ra (n=12)

The solution for the cylinder is constructed in the form of a series in the homogeneous
solutions of the problem of the vibration of an infinite cylinder with a free lateral surface

/3/. We expand the displacements and stresses in Fourier series in the angular coordinate @,
and ignoring the time factor, obtain

u(l)(r,z,(p)s ZC:kUI (ryk)ﬁ_o,‘;‘%‘{'z—)‘eiko (L.1)
Klosm-co gl s ’
vl (r, z, @) = Z Z CrV.(r b m;:.’::‘ —— ke

Koemwco gam]

wi (r, z, @) = Z ZC W, (r,k)w‘:h——-e"“’-{—w*

Kem—wco gum]

where C," are constants to be determined, n,, are the roots of the dispersion equation for an
infinite cylinder, and U, (r, k), V,(r, k), W, (r, k) are known functions, which owing to their
complexity are not given here. The expressions obtained for the displacements (1.l) enable us
to satisfy the boundary conditions on the top face of the cylinder.

2. Let us cbtain a solution of the layer problem. Ignoring the term et we write the
boundary conditions as

0@ (r, 0, ¢) = 6,® (7, 0, @), T (7, 0, §) = T,6™ (r, 0, §)=0 (2-1)
(rv ‘P E nl)

u® (r, ~1, 0) = v® (r, ~1,0) =0 (r, 9 = Q)

Tzl‘(” (ry "_11 ‘P) = T!W(’) (r' —1’ lp) = 0 (r’ ¢ _E- Q')

w®(r, ~1,9) =0 O<r<o, 0 o< 2

All the components of the stress and displacement tensors can be represented in the form
of Fourier series

W, s, )= % 2 ) eme, ufP (5, 0)= 2 ) (r,s)em® (5= —1,0; k=1,2,3)

P=1p, P =R,

. @

a!
§ (),

== O (l)

u® =u?, W=, yP=uwo

Applying the two-dimensional Fourier integral transform to the Lamé equations and using
the boundary conditions (2.1), we obtain formulas defining the displacements of the points of
the layer. Then equating the values obtained for the displacements on the lower face, of the
layer surface to the known boundary conditions in the region £),, we obtain an integral equation
of the first kind for the contact stresses in £,

a

a
{ § S (@) K @) S, (@9) g (1, P, 5. p) px dcz dp = fon (n, B, 5,7) (2.2)
L]
O<rayn=1,2s=1,2,..,;,m, p=0, £1, £2,..)

o« o 2
G () ={him ("), G ()}= 2 2 Z (— fym+» Capb:wq‘n
Peaeco suml Tl
(n,p,s,7)
Qi () =70 (r, — ) + A (r, — 1), Q@) =tih(r, — 1) — iR, — 1)
fm (n, p, 8, 1) = {fm1 (7, By 5 T)y fusa (R, B, 8, T}
where b,," are known constants, Sm (xr) is a diagonal matrix with elements Jp.y (@r), Jp« (@7),

Jn (2) are Bessel functions, and H{ (z) are Hankel functions. The elements of the matrix
K (@) are defined by the relations
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k() = kyp (@) = Ny (@) + No (@), kyp (@) = kg (@) = N, (@) — N, (@)
N, (a) A (&) = s, (4a* + b2) ch s, ch s, — a? (4552 + 5,720;5%) X sh s, sh s, — dais,b,
N, () = 8,71 cth 55, A (@) = b.2bs%¢h 5, sh s, — 4535, a® X sh s; ch s,

8% =a® — bl (k =1, 2); b2 = p2 (0h)? (Ay + 2p,)7Y, b,ﬁ =
= Pg (mh)zl‘vz—ly by = 202 — bzz

Tmga (2, B8, 7) = ok § O (1, B, 5, @) T (o) cxde
o

D, (n, p, s, @) = aR (@) Jppp (@2d) My (2, 0,7

Mp (a, z) =a 3\’? (zay) Jp_1 (ceay) — sz:l (zay) "p (zay)
(z* — ad) Jp (Glplh)

o' = "j: —npt, nt=p; (0h)® (A + 2u)7", r =y (0h)u,?
R (a) = by? [bs sh s, — 25,8, sh 5,] A (@)

As a — 0o the elements of matrix K (@) behave as O (|« |™?). The unique solvability of Eq.
(2.2) was established in /4/ in the case of asymptotic forms of this kind.

A method of solving (2.2) was devised in /1/. The disposition of the contour ¢ is dict-
ated by the principle of limit absorption (damping). Following /1/ we obtain

m (1, 2,5 7) = { S (@) K4 (@) A (. P15, @) adr +

(4

(2.3)
- é Ham (@) Spm (ar) KT (@) X (1, 1,5, @) da

Ap(n, p,s,a)={1, -1} 0, (n, p, s, @)

We assume that the factorization K (@) = K_ () K, (&) is carried out.
Xm(n,p, s, @) is determined from the equation of the second kind

Xm(n,p,s,z)+1:—‘r§§ K, (@) Do (2, 1) K (1) % (2.4)

The vector function

Xon(n, prs, u) .g"_%=§ { #1m (@) K, (@) 8 (m, @, u,00) x

K4

K ) Ap(n, p, 5, u) 22292 ;5 T>T)

a-—2

The contour I_ 1lies below I, but such that between them the integrands are regular.
The following notation is used here:

Va

Rim (@) = D (oo

, (@) =12 V3 HY (aas)
0 (m, o, u, a) is a second-order diagonal matrix with elements

By = [@/ ey (ua) HE (@0) — ulym (ua)HR, (@a)) (0 — u?)?

By = (S (ua)HiD) (28) — Al s (ua)HS (aa))(@® — ul)?

Dy (@, u) = %y (@) B (m, @, U, )Ry (@) — (@ — u) T E
where E is the unit matrix. Equation (2.4) is effectively solved by simultaneous deformation
of the contours T and T._ into the lower half plane. Calculating the residues of the integrands
at the poles intersected by the deformed contours, and neglecting small integral terms, we
reduce the solution of the equation tc the solution of a finite set of linear algebraic equa-
tions. Approximate factorization of the matrix-function K (@) is carried out on by

approximating it by a matrix with rational-fractional elements. The error of the approximate
solution is estimated using Theorem 2 of /4/.

The displacements of the points of the upper face of the layer are given by the formula
2 )

wl =2 3 {{ 3 CPtimP: (@) Ma (@, 0hm) X
Nl O pmwl

53

I pom—co

(2.5)
Ju(er)ada +  §
00

Inge

(— Y47 C.Pby, Py (1) x
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Jon (Wr) Tt (@B 141 (@) g1 (ns Py s, ) —

Jiet p) qui (7, 2,5, )] updudp) (O r <L o0), E=pu/pr
P, (@) A (@) = — byls, sh s, sh sy, Py (a) A (@) = — abg? X

[818y.8h 3, — 0,5 by sh s,]

where the first integral term takes into account the effect of the cylinder, and the second
the presence of rigid adherence at the lower face of the layer. Let us represent the first
term in the form of a series in residues

w$.’.3:(f)==32 ZC"‘[Z AT T (W) + Bodw (00ar)] OSSP << an) (2.6)
w;:), (T)=Bn§l‘§ T Z Dﬂ"ﬂm (vir) (r>ay), Ay =0 (2.7

where A,,™, B Dy, are constants. The number of standing waves under the cylinder and their
characteristics therefore depend on all the parameters of the layer and the cylinder. However,
the number of waves propagating from the cylinder is equal toc the number of real roots Vi
and their phase velocities depend only on the layer parameters. The effect of the cylinder
characteristics appears in their amplitude and phase shift. The problem has thus been reduced
to determining the constants Cf .

3. Formulas of generalized orthogonality were obtained in /5/ for the dynamically homo-
geneous solutions of a cylinder, which in a cylindrical coordinate system have the form

2 2
U3, — ), w8 (r, ) + 8 (V5 (ry — B), 2 (r, B) —(a<"(r,k>,w,,(r,_k))={ 0, riky» iy (3.1)

Rf, nyy=ni,
i, k%0
(k=01:t19i2v-")1 6k={0’ k== 0
a1
¢ — 8 g r k) =S Fr. — R g r. By rar
L

The stresses T,,{V, 15", 0,,(1) are calculated using (1.1). We will satisfy the boundary

conditions on the lower face of the cylinder

w) (r, 0, \]J) == w“) (ry 07 ‘P), tzr(l) (rv Ov (P) = Tw(!) (T, Ov q’) =0
(r' P &= Ql)

As a result we obtain the following set of equations

(1—ak)w-—20"w.(r k) tg nphy = aZC Ly(k,s,r)+ ¢ Z Zc Ly (k. 5,p,7) (3.2)

p=-=ce s=l

2 Clk"ﬁ) (r k) tg Ryghy =0

LR Z CleV (ryk)tg nyshy =0
O<r<a,k=0,+1,+2,...)

where(L, (k, s, r), Ly (k, s, p, r) are known functions. Applying to (3.2) the relation of generalized
orthogonality, we obtain

Cre=(1=08)Af +e D C P L)+ ¢ B DCPhsp, L) (=1,2,...;kh=0,+1,42,..) (3.3)
samd pam——co gual
2 2 .
Fus LRRY = — 3 3 biubly § Py () M, (u, 02) My (u, o) udu (3.4)
ne=| j==i o
Fa(s.p L) RS = — 2 Ebnpb,,,s S»P,(u) X M, (e, ) Z I e (b0 T 41 (u0) 15 (n, Py 5, 0) — (3.5)

n=l j==l jum—oo
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Ji—1 (up)gej (n, p, s, p)] updu dp
@

2
AR = — D b § Ty (0hap) T3 (0hsar) pdp

n=1 [}

In formulas (3.4) and (3.5) we change to new variables of integration, using the substit-
ution u = (y* + k* + I* + s%)". Here the radical is defined in the Riemannian plane with a
slit which joins the points =i (k* + I* + s?"*, under the condition of positiveness when y > 0.

Let us consider system (3.3) as an operator equation in space [ The asymptotic
estimates of the coefficients of the system and the substitution carried out above imply the
convergence of the series

2 2’ EIFI(SJ'/‘)'Z» ZI 2 2 ZIFQ(S,p,l,k)F
l=m] Ke=—co gx=] k=—o0 lz=]1 p=wec =1

3 Jlatp
kew—oo lam] R

Hence {3.3) generates in I, an absolutely continuous operator /6/, and the infinite
system is uniquely solvable for all oscillation frequencies different from the natural freq-
uencies of a mechanical system. The infinite system can be solved by the method of reduction,
and the solutions of the abbreviated systems approach the exact solution when the order is
increased.

The properties of the contact stress singularities in the neighbourhood of the region 2,
are established by using the method described in /7/

O'z(l) (I‘, 01 ‘p) = (al‘_")wa(":o‘?), Y= 1—a (0<a< 1)
where o (r, 0, ¢) is a regular function and a is the root of eguation
2e(1 — vo)(4 —~ vy)* (a” —sin? -55“-) cosan — sin*an =0
and v;, vy are Poisson's ratios.
At the boundary of the contact spot £}, the contact stresses have the form /1/
TR (r, —1) = (g — 7YV [ryy 8in A (r) + pax cos A ()]
(r—as n=14,2) A{r) = AlInl(gy + 7 (a5 ~ 7)1

where A, I'ny, Pny are constants.
Setting b = 0 everywhere we obtain the solution for the axisymmetric initial problem.
Passing to the limit as M, = o0, we obtain the solution of the problem of the vibration of
a cylinder on a rigid base.
For a numerical analysis we will select the case corresponding to b =g, = 0, p; = gy = p.
We obtain the axisymmetric problem of the vibration of a cylinder on an elastic layer whose
lower face is fixed at a single point to a rigid base. Owing to the axial symmetry the rigid
adherence at a single point does not affect the solution of the problem, i.e. we can assume
that the lower face of the elastic layer is in frictionless contact with the rigid base.
This problem may be considered as a standard for comparing the effects, and
6 enables us to separate the effects due to the presence of a region of rigid
\ adherence £,. In the case considered here the infinite algebraic system
P (3.3) is simplified due to the absence of terms generated by the region £,.
System (3.3) was solved using the method of reduction. The calculations
J were carried out for  v=vs, p1=0y B = 2, 0*=0,001,a, =4, b = 5. Curves of
dimensionless contact stresses ¢ = p7lg,(M-10* are shown in Fig. 1, where the
/’1\\ | real part is represented by the solid curve and the imaginary by the dashed
0 / ; 3 p curve. The presence of a zone of negative stresses is explained by the fact
/ that only the dynamic component of the problem is considered. The complete
4 problem must take into account the static load of the cylinder which presses
it into the laver, preventing the formation of a separation zone. The gen-
eral solution is the sum of the static and dynamic solutions. The solution
of the static problem is obtained from the dynamic one as o —0.
The author thanks V.A. Babeshko for his interest and advice.

~2

Fig. 1
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DESIGN OF CIRCULAR CYLINDRICAL SHELLS OF MINIMUM WEIGHT
WITH FIXED NATURAL OSCILLATION FREQUENCIES*

A.S. BRATUS'

Approximate solutions are obtained, using asymptotic methods, of the
problem of the optimum design of cylindrical shells of variable thickness,
of minimum weight for fixed natural oscillation frequencies in the axis-
ymmetric and non-axisymmetric cases. Qualitative patterns of the thickness
distribution for optimum solutions are obtained and analyzed.

1. Basic equations. Consider the natural oscillations of a circular cylindrical
shell of variable thickness. We assume that the mean surface is specified in curvilinear
coordinates x and @ in such a way that the first quadratic form has the form R? (dz® + da?),
where R is the radius of the circular cylindrical shell, x varies along the generatrix, and

@ is an angular coordinate that varies in the transverse direction. We shall consider shells
with straight cutoffs, that, in dimensionless variables (7, @), occupy the rectangular region.

D={r,0:0<z<k 0<a<a,<2n}, k=1UR

where | is the shell length.

The set of equations in displacements, which determines the natural oscillations of a
circular cylindrical shell of variable thickness & (z,®) can be expressed (e.g., /1/) in the
form

A(R) z (x, @) =Lhz (z, a); A (B)=| Aij B Ji,j=1,2,8 (r.1)
;“=p_R'_“.‘_E')_mz Adp=———h 2= _‘_%‘_V‘. jah_i_

1 —
Al!=—P‘Th—'_—'—'&ﬁ'h_"

Ay (h) =1 —-—h An(h)== ’MT‘

— 0 6
g (h) = — LB a 3

) Ry .-

oz " oz x| oa
sz —m g +‘xaa""°a;]

Ay ()= —— b — 82 [2(1-»)-3;}: o +

a o G
o+ W |
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